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The alternative formulated in the title has a chance to be settled, when the existence 
of the LSND effect is experimentally excluded or confirmed. The first option, much dis- 
cussed in literature, works in the case of three active neutrinos z/g , , Ur, when among 
their massive states I'l , 1^2 , ^3 there is no direct mixing between z/i and z/3, and the mass 
^ ■ hierarchy m\ ^ m\ <^ m\ holds. This option is consistent with the observed deficits of 
§ ! solar i^e's and atmospheric i/^'s, if Amgi ^ ^"^soi '^"^32 ^ ^"^atm- the other 
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hand, the second option is an extension of the idea of the former to the case of four neu- 
trinos Us 1 1 1^11 1 (including one sterile neutrino Vg), when among their massive states 
(D . t'o 5 '^i 5 i^2 , ^^3 there are no direct mixings between and z/2, and z/3, z/i and z/3, and the 



mass hierarchy ttIq ~ m\ <^ ~ m| is now valid. Such an option, belonging to a class 



^ ■ of textures widely discussed in literature, may be consistent with the observed deficits 

H ; 

5^ , of solar z/e's and atmospheric z/^'s as well as with the LSND appearance of z/g's in the 
beam of accelerator z/^'s, if now Am^g Am^^j, Aml2 ^ ^^Itm ^"^21 ^ ^"^lsnd 
(however, in the case of solar z/g's the role of z/^'s in the disappearance of z/g's is recently 
questioned). In both options, only the close neighbours in the hierarchies of massive 
neutrinos z/i , z/2 , z/3 and z/q , z/i , z/2 , z/3, respectively, mix directly. This characteristic fea- 
ture of the two-mixing texture for three neutrinos or the three-mixing texture for four 
neutrinos may be somehow physically significant. 
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1. Introduction 

First of all, we would like to emphasize that the alternative formulated in the title 
of the paper has a chance to be settled, when the existence of the LSND effect [1] is 
experimentally excluded or confirmed. The first option of the alternative, much discussed 
in literature [2], works in the case of three active neutrinos t'e , , i^t, when among their 
massive states ui , U2 , I's there is no direct mixing between ui and [3], and the mass 
hierarchy mf ~ ml <^ m| holds. This option is consistent with the observed deficits 
of solar i/g's [4] and atmospheric i/^'s [5], if Amli ^^soi ^^32 ^ ^^atm- On 
the other hand, the second option of the alternative is an extension of the idea [3] of 
the former to the case of four neutrinos i/^ , i/g , i/^ , i/^ (including one sterile neutrino Us), 
when among their massive states uq , ui , 1^2 , z/3 there are no direct mixings between uq 
and 1^2, I'o and ui and 2^3, and the mass hierarchy ~ <^ ml ^ ml is now valid. 
Such an option, belonging to a class of neutrino textures widely discussed in literature 
[6], may be consistent with the observed deficits of solar i/g's [4] and atmospheric Uf^'s [5] 
as well as with the LSND appearance of ly^s in the beam of accelerator i^^'s [1], if now 
Amfo ^ ^^sob ^^32 ^ ^'^atm ^^21 ^ ^^LSND (howcver, in the case of solar 
i/g's the role of u^^s in the disappearance of z/g's is recently disputed[4,7]). 

In both options, only the dose neighbours in the hierarchies of massive neutrinos 
^\ -I ^2-1 [3] and ■, Vi ■, 1^2 ■, ^z, respectively, mix directly. This characteristic feature of 
the two-mixing texture for three neutrinos or the three-mixing texture for four neutrinos 
may be somehow physically significant, leading hopefully to a pertinent dynamical model 
for the neutrino texture. 

2. The first option 

If one conjectures that in the generic Cabibbo-Kobayashi-Maskawa^type matrix for 
leptons [8], 



with Sij — smOij > and = cos^y > 0, {i , j — 1,2,3), there is practically no direct 



^ C13C12 

~C23Si2 — 513523^12^ 
\ S23S12 - Sl3C23Cl2e' 



Cl3'Sl2 ^136 ^ 
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C23C12 ~ •§13*23*126 C13S23 
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mixing of massive neutrinos i/i and {i.e., ^13 = 0), then U is reduced to the following 
two-mixing form much discussed previously [2]: 



U 




—C23S12 C23C12 

\ •S23'5l2 ~'523Ci2 




(2) 



For the two-mixing option (2) the neutrino mixing formula = J2i UaiJ^i takes the form 



T^ix = C23(-Si2Z^l + Ci2t^2) + 523^^3 , 

J^r = -S23(-Sl2i^l + 0121^2) + C23i^3 , (3) 

while the inverse neutrino mixing formula i^i = J2a ^ai^a gives 



^2 = Sul^e + Ci2{c23l^ix - S23i^T) , 

= 8231^1^ + C23VT ■ (4) 

Note that Eq. (2) can be presented also in the form U = exp(iA76'23) exp(iA26'i2), where 
A2 and A7 are two of eight Gell-Mann 3x3 matrices. 

In the representation, where the charged-lepton mass matrix is diagonal (and thus 
the corresponding diagonalizing matrix — unit), the lepton mixing matrix U — (Uai) 
(a = e , n , T , i = 1, 2, 3) is, at the same time, the diagonalizing matrix for neutrino mass 
matrix M = (Mag) {a , (3 = e , ^ , t) , WMU = diag(mi , 1712 , m^) with ml < m\ < m\, 
so that M — UaiU^iTTiij . In this case, the orthogonal two-mixing form (2) of U leads 
to the real and symmetric 

/ C^2mi+Si2"^2 ("^2-"^il)Cl2Si2C23 -("7.2 -mi)Ci2Sl2S23 \ 

M= (m2-mi)ci2Sl2C23 Si3m3 + C|3(s^2"^l+C?2"^2) ("^3 " S?2"^l -C?2"^2)C23S23 ■ 
\ -("^2-"^l)Cl2Si2S23 ("^3-S?2"^l-C?2"^2)c23S23 c|3m3 + s|3(sf2"^i +C^2"^2) / 

(5) 

Here, as is seen from Eq. (4), the values C23 = l/\/2 = S23 give maximal mixing of 
and Ur'. {v^i ± i^r)/-\/2, and then C12 — l/-\/2 ~ S12 — a nearly maximal mixing of and 
{i^ij. - ^t)/\^- approximately [ve ± {i^ti - i'r)/\^\/\^- 
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From the familiar neutrino oscillation formulae 



Pii^a ^ i^/j) = I (i^/3|e'^^|i/a) 1^ ^5ap-Aj2 U;Po.jUpiK, sin^ X^i , (6) 

j>i 

with 

xj, = 1-27^^ , Am% = - m', (7) 

(Am^j, L and E measured in eV^, km and GeV, respectively) which is valid for UgjUajUpiU*^^ 
real (CP violation neglected), one infers in the case of two-mixing option (2) that 

P(z/e z/e) = 1 - (2ci2Si2)^sin^a;2i , 

P{t^h T^id = 1 - (2ci2Si2C23)^ sin^ X21 - (2c23S23)^(sL sin^ X31 + sin^ 2:32) 

~ 1 - (2c23S23)^ sin^ X32 , 

P{i^n^i^e) = (2ci2Si2C23)^sin^a;2i , (8) 

where the final step in the second formula is valid for X32 = Xatm = when ~ 

ml ^ m| or equivalently Am|^ -C Amgg ~ Am3]^ . 

The first formula (8) is consistent with the observed deficit of solar z/g's if one applies 
the smaller-mass or larger-mass vacuum global solution or large-angle MSW global solu- 
tion or finally LOW global solution [4] with (2ci2Si2)^ ^ sin^26lsoi ~ (0.72 or 0.90 or 0.79 
or 0.91) and Amli ^ Am^^i ~ (6.5 x 10"^^ or 4.4 x 10"^° or 2.7 x lO^^ or 1.0 x 10"^) eV^ 
respectively. This gives cf^ ~ 0.5 + (0.26 or 0.16 or 0.23 or 0.15) and sl^ ~ 0.5 - (0.26 or 
0.16 or 0.23 or 0.15), when taking c^2 ^ -512- 

The second formula (8) describes correctly the observed deficit of atmospheric z/^'s 
[5] if (2c23S23)^ sin^2^atm ~ 1 and Am|2 ^ Am^tm ~ 3.5 x 10"^ eV^, since then 
Amli <S Am32 ~ for Am2i determined as in the case of solar Ue^s. This implies 

that cig ~ 0.5 ~ sig and m| ~ 3.5 x 10~^eV^, because ml ^ ml <^ m|. 

Then, the third formula (8) shows that no LSND effect for accelerator z/^'s [1] should 
be observed, -P(z/^ — > I'e) ~ 0, since with Am^^ ^ ^^soi ~ (10^^° or 10^^*^ or 10~^ 
or 10"^) eV^ < Amf^sND ~ leV^ one gets sin2(a;i2)LSND ~ (10"^^ or 10"^^ or 10"^ or 
10-^^) < sin^XLSND ~ 1, while (2ci2Si2C23)^ ~ (0.72 or 0.90 or 0.79 or 0.91) x 0.5 > 
sin2 2eLSND ~ 10-^ 
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In the case of Chooz experiment looking for oscillations of reactor i/g's [9], where it 
happens that (x32)chooz = l-27Am^2-^'Chooz/-Echooz ~ 1 for Amfs ^^1^^, the first 
formula (8) leads to P(Pe ^ i^e) ~ 1, since (x2i)chooz < (a;32)chooz ~ 1 for Am|i ^ Ams^i 
( = in our case). This is consistent with the negative result of Chooz experiment. We 
can see, however, that for the actual lepton counterpart of Cabibbo-Kobayashi-Maskawa 
matrix the entry f/es may be a potential correction to the two-mixing option (2) (|t/e3| < 
0.2 according to the estimation in Chooz experiment). 

Further on, we will put C23 — l/v^ ~ S23- Then, from Eq. (5) we infer that approxi- 
mately 



M-- 



/ Ci2"^i + Si2"^2 {m2-mi)ci2Si2/V^ -{■m2-mi)ci2Si2/V^ \ 

(m2-mi)ci2Si2/V2 (7713 + 5^2"^! +c?2"^2)/2 (m3-s^2"^i~Ci2"^2)/2 

\-(m2-mi)ci2Si2/A/2 (777,3 -S^2"^l-Ci2"^2)/2 (77l3 + S^2"^l + Ci2"^2)/2/ 



(9) 



Here, M 



en 



Mrr and 



Mee = Ci2mi + Si2"^2 , Mee + - M^^ = mi + 7772 , + -/^ur = "^3 , 

Me^, = (7772 - 777i)ci2Si2/V2 . (10) 

Assuming that M^e — 0, we get from Eq. (10) the relations M^^ = (7773 + 7772 + ?77.i)/2, 
Mij,r = (7773 - 7772 - "7i)/2, = (512/012)7772/ V^, and 



'^l '^12 A 2 2 2 2*^12 '^12 /i 1 \ 

= 2- ' ^"^21 = "^2 - "^1 = "^2 4 (11) 

7772 C12 C12 



or 



7771 = -VA^il / 2 2 ' = V A^21 / 2 2 ' ^^^^ 

when taking 777i < 7772. For instance, applying to Eq. (12) the LOW solar solution [4] i.e., 
s?2 ~ 0.5 - 0.15, c^2 ~ 0-5 + 0.15 and Aml^ ~ 1.0 x lO-'^eV^ we estimate 



7771 2.0 X 10"^ eV , 7772 ~ 3.8 X 10"^ eV , (13) 

while the Super-Kamiokande result A77732 ~ 3.5 x 10~^eV^ [5] leads to the estimation 
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ma ~ 5.9 X lO-^eV , (14) 
what shows explicitly that \mi\ ~ m2 <^ rris. Thus, in this case 

Mee = 0, M^^ = Mrr ~ 3.0 X IQ-^eV, Me^ = -M^r ~ 1.9 X 10~^eV, M^r ~ 3.0 X IQ-^eV, 

(15) 

where M^^ ^ M^, > Me^. 

In conclusion, the two-mixing texture of three (Dirac or Majorana) active neutrinos 
Ua (o; = e, r), described by the formulae (2) and (5), is neatly consistent with the 
observed solar and atmospheric neutrino deficits, but it predicts no LSND effect whose 
confirmation should imply, therefore, the existence of at least one sterile neutrino Ug, 
mixing with z/g. This might be either one extra, light (Dirac or Majorana) sterile neutrino 
Ug [6,10] or one of three conventional, light Majorana sterile neutrinos = + 
{'i^aR)'^ {oi — e , /J, , r) [11,12] existing in this case beside three light Majorana active 
neutrinos = u^l + (i^aLY (a = e , , r) [of course, u^'^ = u^l and u^l = (t^aRY]- 

The essential agreement of the observed neutrino oscillations with the two-mixing 
option (2) for U (provided there is really no LSND effect) suggests that the conjecture of 
absence of direct mixing of massive neutrinos z/i and u^, leading to U of the form (2), is 
somehow physically important. This absence tells us that only the dose neighbours, ui 
and V2, ^2 o,nd v^, in the hierarchy of massive neutrinos Ui, U2 , fnix directly. 

3. The second option 

When we want to introduce one sterile neutrino mixing with three active neutrinos 
i^e , , (thus leading to four massive neutrino states i^o ; ; ^2 , ^^3), we ought to extend 
properly the two-mixing formula (2) of the previous 3x3 mixing matrix U . A natural 
form of such a new 4x4 mixing matrix seems to be 



U = 



—Soi Coi 


V 







\ /I 









C23 "S23 

-S23 C23 J 



\ 



C12 S12 

-Si2 C12 

V 1 / 



Coi S01C12 S01S12 ^ 

soi C01C12 C01S12 

— C23>Si2 C23C12 >S23 

S23S12 -S23C12 C23 / 



(16) 
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if in the hierarchy of massive neutrinos i^o ; ; ^2 , ^^3 the new massive neutrino vq mixes 
directly only with its close neighbour Vi (cqi = cos ^01 and Sqi = sin^oi)- Then, only the 
close neighbours, Uo and Vi, Vi and V2, 1^2 and u^, in the hierarchy of massive neutrinos 
J^o , , ^2 , ^3 mix directly. In the limiting case of ^01 — the three-mixing form (16) of 
4x4 mixing matrix is reduced to the two-mixing form (2) of 3 x 3 mixing matrix. It 
is interesting to observe that in this four-neutrino texture the sterile small-angle MSW 
global solution [4] leads to a small value ^01 — soi ~ 0.0017 (c/. the first relation (19) 
later on). If, however, a considerable or even nearly maximal mixing of uo and ui can 
work effectively for solar i/g's, such a small value of ^01 may be replaced by a considerable 
^01 or even ^01 — 7r/4: cqi ~ l/V^ ~ sqi. On the other hand, a small mixing of i^i and 1^2 
may be sufficient to explain the possible LSND effect (or its modified version), while the 
nearly maximal mixing of 1/2 and i/3 still works well for atmospheric i/^'s. Thus, putting 
in Eq. (16) C23 — — S23 and C12 — 1 ^ S12 — > 0, we get approximately from 

Eq. (16) 



U 



(17) 



/ coi soi e \ 

"501 Coi ^ 

£ I/V2 I/V2 

\ e -I/V2 l/x/2 ) 
The mixing matrix (17) gives through Eqs. (6) with (7), where now a, P = s , e , jj, , t 
and i,j — 0, 1, 2, 3, the following neutrino oscillation probabilities: 



P(i/e Ve) = 1 - (ScqiSqi)^ sin^ Xio - 4£^(soi sin^ X21 + Cqi sin^ X31) 

~ 1 - (2coiSoi)^ sin^ - , 

P{v^ ^ Vfj) = 1 - sin^ a;23 - 2£:^(sin^ 2:21 + sin^ 2:31) ~ 1 - sin^ 0:23 - 

P{T^^^i^e) = 2y/2 cms^ srn^ X21 . (18) 

The second step in the first and second formula (18) is valid for Xiq = x^oi = 0(1) and 
3^32 = Xatm. — 0(1), respectively, where now in this four-neutrino texture mg ~ mf <^ 
m\ ~ m\ or equivalently Am^Q <S Am|]^ ~ Amlg and Am32 ^ Am|]^ ~ Amg^^. 

Then, the formulae (18) are consistent with experimental data for solar i/g's [4], atmo- 
spheric fj^'s [5] and LSND accelerator i/^'s [1], if 
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r 6.6 X 10-^ or 
(2coiSoi)^ ^ sin^ 26*301 ~ < 0.72 or 

[ 0.90 

1 ^ sin^ 26'atm ~ 1 
2 V2£2 ^ sin^ 2eLSND ~ 10"^ 

respectively. Here, in the case of solar i/g's we apply the sterile small-angle MSW global 
solution or, just for an illustration, smaller-mass or larger-mass vacuum global solution 
[4] (however, in the case of solar Ug's the role of i^^'s in the disappearance of i^e's is recently 
disputed [4,7]). Then, cg^ ~ (1 or 0.76 or 0.66) and sl^ ~ (0.0017 or 0.24 or 0.34). From 
Eqs. (19) we obtain readily the estimations 1712 ~ 1 eV, ~ 1 eV and nii ~ (2.0 x 10~^ 
or 8.1 X 10~^ or 2.1 x 10"^) eV, the last if we conjecture that mo = 0, and £ ~ 5.9 x 10~^. 
This shows explicitly that mo ~ mi <^ m2 ~ rris. 

In the case of mixing matrix (17), the 4x4 mass matrix M — (M^/j) (cc, /3 = 
s , e , II , r), takes, up to 0{e'^), the form 



Am32 



Am^ 



21 



Am 



LSND 



f 4.0 X 10-^ cV^ or 
6.5 X 10^11 eV^ or , 
4.4 X 10-1° eV^ 

3.5 X 10-3 eV^ , 

- 1 eV% (19) 



M 



I cl^mi + sl^m2 CoiSoi(mi-mo) ^(soimi+ma/v^) e(soi"^i-"^2/V2) \ 

CoiSoi(mi-mo) sl^mo + cl^mi ^(coimi+ma/v^) ^(coimi-ma/v^) 

e{sQi{mi+m2/V2) e(coi(mi+m2/v^) (m2+m3)/2 (m2-m3)/2 

l^£(soi(mi-m2/A/2) £(coi(mi-m2/V2) {m2-mz)/2 (m2+m3)/2 j 



(20) 



since M — {^iUaiU'^jm^. Hence, up to 0{e^), 



mo,i = T y J + , m2,3 = M^^ ip M^r , (21) 

where Mee = Mgg + (coi/soi - soi/coOM^g, M^^ = (soi/coi)Mse (when mo = 0), M^e ~ 
CoiSoi(2.0 X 10-3 or 8.1 x 10-^ or 2.1 x 10"^) eV (when mo = 0) and M^r = ~ 1 eV, 
Mf,r ~ (3.5/4) X 10-3 eV. 

If eventually the LSND effect turns out to be confirmed, then at least one sterile 
neutrino mixing with three active neutrinos ought to exist. The second option discussed 
here is a natural candidate for its texture. If there are more sterile neutrinos mixing with 
active neutrinos, the neutrino texture would be effectively more extended [13]. 
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